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Abstract 

The second-order modified Dirac equation leading to the modified 
dispersion relation due to the Lorentz invariance violation corrections 
Q I is suggested. The equation is formulated in the 16-component first- 

order form. I have obtained the projection matrix extracting solutions 
5h . of the equation with definite spin projections which can be considered 

as the density matrix for pure spin states. Exact solutions of the 
equation are found for particles in the external constant and uniform 
magnetic field. The synchrotron radiation radius within the novel 
modified Dirac equation is estimated. 

1 Introduction 

The possibility of the spontaneous violation of Lorentz and CPT symmetries 
in the framework of the string theory was proposed in pQ. Thus, the Stan- 
dard Model was extended and the Lorentz invariance violation (LIV) can be 
described by the effective field theory [2]. From experiment, bounds on LIV 
coefficients within the effective field theory were obtained [3] . Different mod- 
els of LIV in the photon sector [4] and fermion sector [5] were investigated 
(there are many other publications). At present energies stringy effects are 
suppressed by the Planck scale Mp = 1.22 x 10^^ GeV and there are not 
signs yet of LIV in experiments. It should be mentioned that any LIV mod- 
els modify dispersion relations. It was mentioned in |6j, [7j that quantum 
gravity corrections can lead to deformed dispersion relation: 

pl = p' + m'-{Lp,rp\ (1) 



^ E-mail : krouglov@utsc . utoronto . ca 



1 



where the speed of hght in vacuum c = 1, po is an energy and p is a mo- 
mentum of a particle and L can be considered as "minimal length" which is 
of the order of the Plank length Lp = Mp^. The subluminal propagation of 
particles corresponds to L > at a = 1. The last term in Eq.(l) violates the 
Lorentz invariance. The modified dispersion relation (1) with the parameter 
a = 1 was introduced in the framework of space-time foam Liouville-string 
models 0. The wave equation for spinless particles with the dispersion equa- 
tion (1) for a = 1 was considered in [9], [10]. From the analysis of the Crab 
Nebula synchrotron radiation some constrains on the parameters L and a 
were made [11], In this paper, I postulate the modified Dirac equation 
for particles with spin-1/2 leading to the deformed dispersion relation (1) 
with a = 2. This modified Dirac equation can be considered within effective 
field theory with LIV in fiat space-time. 

The Euclidean metric and the system of units h = c = 1 is used. Greek 
letters run 1,2,3,4 and Latin letters run 1,2,3. 

2 Modified equation for spin-1/2 particles 

1 suggest the modified Dirac equation for spin-1/2 particles of the second 
order: 

(7/.<9m + m- iL-f^dt-fidi) ipix) = 0, (2) 

where 9^ = d/dx^ = {d/dxi,d/{idt)), Xq = t is a time and notations as 
in [12] are used. Eq.(2) is covariant under the rotational group but the 
additional term in Dirac equation (2) violates the invariance under the boost 
transformations. Thus, the Lorentz symmetry is broken and one can consider 
Eq.(2) as an effective wave equation with LIV introducing preferred frame 
effects. To obtain the dispersion relation, we investigate the plane-wave 
solution for positive energy ipi^x) = ip{p) exp[i(px — PqXq)] to Eq.(2). Then 
Eq.(2) reads 

{ip + m- iLpo^Ap) ^(p) = 0, (3) 

where p = 7^^^^, p = jiPi- One can verify, with the help of the 7-matrix 
algebra, that the matrix 

A = ip + m — iLpo74P (4) 
obeys the equation as follows: 

{A-mf+p'-L'py = 0, (5) 
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where = — Po- '^^^ matrix equation (3) possesses non-trivial solutions 
if detA = which is equivalent that some of the eigenvalues A of the matrix 
A equal zero. Then the requirement A = leads to the modified dispersion 
relation: 

2 2 I 2 r2 2 2 /c\ 

= p + m - L PoP • (6) 

Equation (6) corresponds to Eq.(l) for a = 2. Thus, Eq.(2) postulated 
realizes the modified dispersion relation (6). One can treat Eq.(2) as an 
effective equation for spin-1/2 particles with LIV parameter L of the order 
to the Plank length. 

3 Wave equation in the first-order 16-component 
form 

Now we present the second-order equation (2) in the 16-component first- 
order form which is convenient for different calculations. Let us introduce, 
following the method of [13] (see also [S]) the system of first order equations 
equivalences to Eq.(2) 

(Tm^^m + 'm) tp{x) - iLm'j^dt'jiipiix) = 0, diip{x) = rmpilx). (7) 

We define the 16-component wave function 

= = ( ) , (8) 

SO that "^oix) = ipix), = {l/m)diip{x). Using the elements of the entire 

matrix algebra e"^'^, with matrix elements and products of matrices [13] 

— <JMA<JNB, e ' e ' — Oab^ , (yj 

where A,B,M,N = (0,i), the system of equations (7), with taking into 
consideration Eq.(8), can be written in the 16-component matrix form 

(10) 



3 



^ix) = 0, 



where J4 is unit 4 x 4-matrix, the ® is the direct product of matrices, and 
we imply the summation over all repeated indices. One can introduce the 
16 X 16-matrices 



= £"'"®7m + ^^'^4m^ ''®747i-5A.^^*'"®/4, /16 = + ®/4, (H) 

where Iiq is unit 16 x 16-matrix. Then Eq. (10) becomes the first-order 16 x 16- 
component wave equation 

{T^d^ + m) = 0. (12) 
From Eq.(ll) we have generalized Dirac matrices as follows: 

= ® 7m - ® /4, r4 = ® 74 + mL£°'' ® 74%. (13) 

The rotational group generators in the 16-dimension representation space are 
given by 

Jmn = (£"'" - £"'") ® /4 + /4 ® ^ (7m7n ' 7n7m) • (14) 

The wave equation (12) is form- invariant under the rotation group trans- 
formations because matrices (13) obey the commutation relations as follows 

\^a^ Jmri\ ^amJ^ri ^an^mi [^4) Jmri\ 0. (l^) 

For the positive energies \l/(x) = \l/(p) exp[i(px — po^^o)] a^^d Eq.(12) becomes 

(ip + m)^(p) = 0, (16) 
where p = F^p^. One can verify that the matrix p obeys the equation 

where p4 = ipQ. Introducing the matrix of Eq.(16) 

I] = ip + m, (18) 
and using Eqs.(6),(17), we obtain the matrix equation 

S (S - m) (S - 2m) [(S - mf + p^ + m^] = 0. (19) 



With the help of Eq.(19), we find solutions to Eq.(16) in the form of the 
projection matrix 

n = iV (S - m) (S - 2m) [(S - mf + + m^j . (20) 

Indeed, it follows from Eq.(19) that [ip + m) 11 = 0. Therefore, every column 
of the matrix 11 is the solution to Eq.(16). The normalization constant 
can be find from the requirement [16] : 



= n. (21) 

From Eqs.(19)(20), after some calculations, one obtains the normalization 
constant 

= ^ . (22) 

2w? {p"^ + 2m2) ^ ^ 

We treat the matrix 11 as a density matrix which describes impure spin states. 
To extract pure spin states, one may introduce the spin projection operator 

0"p = --;jr-\'^abcPaJbc, (23) 
^|P| 

where |p| = which obeys the minimal matrix equation as follows [T7] : 

[4 - 1) {4 - D - P^' 

With the help of the method (TB], we find from Eq.(24) the projection oper- 
ators extracting spin projections ±1/2: 

^±1/2 = tI {cr, ± ^) (aj - ^) . (25) 

Then the projection operator extracting pure spin states with positive energy 
is 

A±i/2 = nP±i/2, (26) 

obeying A^^^/g = '^±1/2- Thus, A-i-1/2 may be explored in calculations of some 
processes including electrons with taking into consideration LIV parameter 
L. 
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4 Spin- 1/2 particle in an external magnetic 
field 

Let us consider a particle in an external uniform and static magnetic field 
along the X3 axis, H = (0, 0, H). Then the 4-potential can be chosen as 

A^ = {0,Hx,,0,0). (27) 

The electromagnetic interaction of particles in Eq.(2) can be introduced by 
the standard substitution (9^ — = — ieA^. For the electrons e = — Cq, 
Co > and Eq.(2) becomes 



Imdm + «eoi^Xi72 - ^74 ( 1 + Ljradm 

(28) 



+ieoHLxi'y'^dt + m 



^ (x) = 0. 



One can look for a solution to Eq.(28), as for Dirac equation [12], [18], in the 
form ^ 

^ (x) = -y==exp [i {P2X2+P3X3 -pot)] ^(xi), (29) 

V -t^2-t^3 

where p2 = 27^2/^2, Ps = 211713/ L^; 1^2 and are integer quantum numbers. 
Taking into account Eq.(29), equation (28) becomes 



(71 + iLpoai) di + i [72P2 + 73P3 + iLp^ (02^2 + "3^3)] 
+ieoHxi (72 + iLpoa2) + m|\l> (xi) = po74^ (xi) , 



(30) 



where we have introduced matrices as follows [12]: 



a. = ^747.= ( ^'j, 74=({; _°^J, (31) 
and cxfc are the Pauli matrices. Replacing the bispinor wave function 
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into Eq.(30) with the help of Eq.(31), we obtain the system of equations 
(1 - Lpo) {-iaidi + p20"2 + P3<73 + eoHxia2) X = {Po - m) ip, 



(1 + Lpo) {i(yidi - P2(r2 - Pac^s - eoi/xiaa) Lp = - {po + m) x- 
From Eqs.(33) one finds the equation for ip: 



(33) 



1- L PqJ {iaidi - p2(T2 - psas - eoHxia2) +m - pgj ^(xi) = 0. (34) 

To take into consideration the spin projection of an electron, we require 
that the ip is the eigenfunction of the operator of the spin projection on the 
magnetic field direction jT2] : 

a-iLp{xi,n) = fxip{xi,n), (35) 

where /i = ±1. Then Eq.(34), with the help of Eq.(35) and the properties of 
Pauh's matrices, becomes 



-<9i +pI + {P2 + eoHxif + eo-ff/i ip{xi, fi) 



After introducing new variable 



2 2 

Pq — m 

1 - l^pI 



V3(xi,/i). (36) 



Eq.(36) takes the form of the equation for the harmonic oscillator: 



2 2 

Pq — m 



-pl-eoHfi] <^(^,/i). 



(37) 



It should be mentioned that p2 defines the coordinate of the orbit center [18] 
xi = —p2/{eoH) (^ = 0). The requirement that ip{C,,^) — )■ at ^ — )■ ±oo 
gives 

1 / n? — _ \ 

(38) 



1 / 2 2 



eoH\l-LVo ^3-eoi^/ij=2n + l, 

where n = 0,1,2,... is the principal quantum number. From Eq.(38) one 
obtains the energy quantization: 



pl = m^ + {l- L'^pfj [pI + CqH {2n + l + /i) 
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(39) 



Due to the condition (39) the solution to Eq.(37) is given by 




^(0 = Cexp -VUn(0, (40) 



where if„ (0 ^^^^ ^^le Hermite polynomials and C is the normalization con- 
stant. Eq.(39) shows that the energy of the electron depends on the LIV 
parameter L. At L = one arrives to the well-known result From (29), 
(32), (33), one may find the bispinor wave function \l/(a;). The normalization 
constant C is defined from the relation 

f-Ls f-L2 

dx3 
10 Jo 



rLz rL2 roo 

/ dx3 / dx2 / ^+(x)^(x)(ixi = 1, (41) 

Jo Jo J-oo 



where \I^+(x) is the Hermitian conjugate function. One can apply Eqs.(29), 
(32), (40) to study the synchrotron radiation of electrons with modified dis- 
persion relation (39). Electrons in an external magnetic field moves in helical 
orbits and emit the synchrotron radiation and the frequency depends on the 
orbit radius [T8]. Let us consider the high (ultra- relativistic) energies of 
electrons {po 3> m). In the case = particles move in a plane and at 
2L^eoHn <^ 1 Eq.(39) is approximated as 



j9o ^ ^le^Hn - V2L^ {e^Hnf^ . (42) 
The classical radius of the orbit is given by |18] : 

with (3 = V being the electron velocity. Substituting Eq.(42) into (43) at 
f 1, we obtain the orbit radius 



R^Ro-L'^ ^j2eoHn^/^ , (44) 

where 

" ' (45) 



is the orbit radius in the framework of the Klein— Gordon equation [ISJ. It 
follows from Eq.(44) that LIV parameter L reduces the orbit radius. The 
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angular orbital frequency uj = v/R becomes greater due to the Lorentz- 
violating term. 

To estimate the contribution of LIV parameter L to observable, we use the 
data from experiments with magnetic trapping of electrons |T9]. Electrons in 
the Penning trap 90% of the time are in the cyclotron ground state n = 1 and 
in external magnetic field i7 = 6 T. Using the Heaviside— Lorentz system with 
the fine structure constant a = e^/ (47r) and the SI units which are related to 
the energy units 1 T= 195.5 eV^, 1 m= 5.1 x 10^ eV~^, we obtain the radius 
change at L = Lp from Eq.(44): AR = Lly/2ejln^/^ ^ 10"^° m. Thus, 
when the LIV parameter L is equal to the Planck length Lp the change of the 
radius of the electron orbit is extremely small and Penning trap experiments 
are not relevant. 

From the Crab Nebula data, one can use the possible energy of electrons 
Pq = 1 TeV, and the magnetic field H = 260 fiG . We obtain the principal 
quantum number n ^ p^/{2eoH) ^ 3 x 10^^, and the change of the syn- 
chrotron radius at L = Lp, AR = Lp-y/Seo^n^/^ ~ 10^^^ m. This value is 
very small compared to the classical radius (45). If the LIV parameter L is 
much greater than the Planck length Lp, then the LIV effect has to be taken 
into account. 

5 Conclusion 

The wave equation for spin-1/2 particles (electrons) suggested leads to the 
modified dispersion relation (1) with a = 2 which was discussed in the context 
of quantum gravity corrections in [9]. I have formulated the novel equation 
in the first-order form and found the minimal polynomial of matrices of the 
equation and the spin projection operators. This allowed us to obtain the 
projection matrix extracting solutions for free particles in the momentum 
space. One may consider the projection matrix found as the density matrix 
with taking into account LIV effects. Such density matrix can be explored in 
different calculations of quantum possesses. We have found exact solutions to 
the wave equation for spin-1/2 particles in a constant and uniform external 
magnetic field. Exact solutions obtained can be used for the analysis of 
the synchrotron radiation of electrons with taking into consideration LIV 
corrections. The synchrotron radius corrections leading to increasing the 
synchrotron frequency were estimated. We leave the analysis of bounds on 
the LIV parameter L from astrophysical data for further investigations. 
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